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exact field configuration of the 5D Einstein-Maxwell-Kalb-Ramond theory endowed with 
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ject are analyzed as well as the effect of the normalized Harrison transformation on the 
double Kerr seed solution. 
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1 Introduction 



Recently some natural interest has been shown to the study of field configurations that describe 

interacting black holes coupled to some matter fields, both in the framework of General Relativ- 
ity [l]-[2] and string theory [3]-[5]. One of the reasons for such an interest is the development 
reached in the statistical approach to physics of single black holes (for a review, see for instance, 
[6]-[7]) and its possible generalization to more comphcated systems of interacting black holes 
coupled to matter. 

In this paper we construct a charged field configuration that consists of a pair of interacting 
sources of black hole type coupled to an anti-symmetric Kalb-Ramond tensor field and a set 
of Abelian gauge fields in the framework of the truncated five-dimensional Einstein-Maxwell- 
Kalb-Ramond (EMKR) theory. The construction is carried out by applying the normahzed 
Harrison charging symmetry, which acts on the target space of the effective three-dimensional 
heterotic string theory and preserves the asymptotic properties of the starting field configura- 
tions, on a seed solution that corresponds to a double Ernst system in the framework of the 
toroidally reduced five-dimensional Einstein-Kalb-Ramond (EKR) theory. Several interesting 
results have been achieved regarding the physical properties of five-dimensional black objects 
[8]; it turns out that the BPS bound of rotating black holes is saturated precisely in five or 
more dimensions. 

The paper is organized as follows: in Section 2 wc briefly review the matrix Ernst potential 
(MEP) formalism for the effective field theory of the heterotic string (for an arbitrary number 
of dimensions) and its formal analogy to the stationary Einstein-Maxwell (EM) system. It 
turns out that after setting to zero the dilaton and all U{1) vector fields, and considering 
the compactification of this theory on a two-torus, the resulting three-dimensional subsystem 
admits a Kahler representation which is defined by two vacuum Ernst potentials. 

In Section 3 the parametrization which gives rise to this double Ernst system is pointed 
out and a discrete transformation between the metric and Kalb-Ramond degrees of freedom is 
estabhshed. In Section 4 we recall the normahzed Harrison transformation (NHT) and apply it 
on a generic seed solution of the EKR theory which corresponds to two complex Ernst potentials 
in order to get a charged field configuration and recover, in this way, the U{1) vector field sector 
of the EMKR theory 

Further, in Section 5 we reduce the system to two effective dimensions (dependence of just 
two dynamical coordinates) in order to be able to consider as seed solution a pair of Ernst 
potentials which correspond to interacting Kerr black holes. In this case, the 5-dimensional 
line element explicitly depends on the Ernst potentials and the resulting field configuration 
contains a Kalb-Ramond dipole hidden inside a horizon. In Section 6 we explicitly compute the 
generated charged solution, study its asymptotical behaviour and give an interpretation of the 
field configuration. Finally, we sketch our conclusions and discuss on the further development 
of the present work. 
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2 Matrix Ernst Potential Formalism 



In this Section we review the MEP formahsm for the D-dimensional effective field theory of the 

heterotic string and indicate an algorithm for generating a charged solution of the double Ernst 
system starting from a neutral one by making use of a matrix Lie-Backlund transformation of 
Harrison type. 

We consider the effective action of the heterotic string theory at tree level 

^P) = / d^^^x I G(^) 1^ e-^^"\i?(^)+0jSW''^'^-^i^iaP^^^''^''^^ (1) 
where 

fS)! ^dMA^N^' -BnA^m'^' , i/ffip = 9MS£^-^AS^'Fi^^'+ cycl perms of M,N,P. 

Here G^lf ^^e metric, -Bmw is the anti-symmetric Kalb-Ramond field, is the dilaton, 
A^''^ is a set of f/(l) vector fields (/ = 1, 2, ...,n), D is the original number of space-time 
dimensions; capital letters M, N, .... P arc related to the whole set of space-time coordinates, 
lowercase letters m, n label the extra dimensions, whereas Greek letters n, v stand for the non- 
compactified coordinates. In the consistent critical case D —V^ and n — 16, but we shall leave 
these parameters arbitrary for the time being and will fix them later in Section 3. In [9]-[10] 
it was shown that after the compactification of this model on a D — 3 = rf-torus, the resulting 
three-dimensional theory possesses the SOid + 1,6? + + 1) symmetry group that later was 
identified as ?7-duality [11] and describes gravity through the metric tensor 

„ _ „-2<i> f r'(^) r'(^) r'mn\ 

coupled to the following set of three-dimensional fields: 

a) scalar fields 

G=Gmn^G^^ls,n+3, B = B^^^B^^l^^^,, ^=^^=^1^3, = (/'^^^ - ^ln|det G| , (2) 

b) tensor field 

s^,=4^)-4s^„A-^::-2(A-Ar'-Air^r') > (3) 

c) vector fields A^^^ = ((^i)™, (^2)^^ (^a)^') 

{a,)^=\g-g^X,^ {A^y^-^'^—Af^'+AiAi, (^)r'=^^S3,.-^-^;:+^^^4^'' (4) 

where the subscripts m, n = l,2,...,d; and a = 1, 2d + n. In this letter we set B^^ — 
since an anti-symmetric tensor has no dynamical degrees of freedom in three dimensions; this 
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is equivalent to removing the effective cosmological constant which, in general, is included in 
the spectrum of the three-dimensional effective theory. 

We duahze all vector fields on-shell with the aid of the pseudoscalar fields u, v and s as 
follows: 

V X II = ^e^'t'G-^ (Vu +{B + ^AA^)Vv + AVs^ , 

Vxl^ = ^e^'t'{Vs + A'^Vv)+A'^VxX, (5) 
Vxl^ = ^e'^^GVv - {B + -AA^)V X X + AV X a's. 

Thus, the effective three-dimensional theory describes gravity 51^1^ coupled to the scalars G, B, 
A, (p and pseudoscalars u, v, s. In [12] it was shown that all these matter fields can be arranged 
in the following pair of MEP 

'^^[ Xv + u + As X J' ^ J' 

where X = G + B + ^AA^, in such a way that they reproduce the field equations of the 
three-dimensional theory. These matrices have dimensions {d + 1) x {d + 1) and {d + 1) x n, 
respectively. 

In terms of the MEP the effective three-dimensional theory adopts the form 
^S^ Jd^x\ g |^-i?+Tr[^ (VX -VAA'^)g-\vX^ -AVA'^)g-' + ^VA^g-'VA]}, (7) 
where X ^g + B+ \AA^ , then Q^\(x + X'^ - A4^) and 

Gv G J' ^^[bv + u B )■ 

In [12] it also was shown that there exist a map between the stationary actions of the heterotic 
string and EM theories. The map reads 

X < — > -E, A < — > F, 



matrix transposition < — > complex conjugation, (9) 

where E and F are the conventional complex Ernst potentials of the stationary EM theory 
[13]. This map allows us to extrapolate the results obtained in the EM theory to the heterotic 
string realm using the MEP formulation. 
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2.1 The normalized Harrison transformation 



In the language of the MEP the three-dimensional action (7) possesses a set of symmetries 
which has been classified according to their charging properties in [14]. Among them one finds 
the matrix Ehlers and Harrison transformations [15], which are symmetries that change the 
properties of the spacetime in a non-trivial way; they represent the matrix counterpart of the 
Backlund transformation of the sine-Gordon equation in the realm of the stationary heterotic 
string theory. For instance, the so-called normalized Harrison transformation allows us to 
construct charged string vacua from neutral ones preserving the asymptotical values of the 
three-dimensional seed fields. Namely, the matrix transformation 



^ ^ ( 1 + ^SAA^) - AA^ + ^AbAA^) ' {Ao - XoX) + EA, 



(10) 



Xo+(Ao- ^XoX ] A^E 



+ -EAA^E, 
2 



where E = diag(— 1, — 1, 1, 1) stands for the signature that the MEP X adopts at spatial 
infinity and A is an arbitrary constant {d + 1) x n-matrix, generates charged string solutions 
(with non-zero potential A) from neutral ones if we start from the seed potentials 



A = o. 



The parameters that enter the matrix A can be interpreted as electromagnetic charges that 
couple to the original seed object. It is precisely with the aid of this Backlund transformation 
that we shall charge the double 5D Ernst system in the next Section. 



3 5D Einstein-Kalb-Ramond vs double Ernst system 



In this Section we present a formulation of the resulting three-dimensional model, upon toroidal 
compactification of the 5D EKR theory, as a double Ernst system by means of a complete 
parametrization of the matrices Q and B in terms of the real and imaginary parts of a pair of 
complex Ernst potentials. 

Let us begin by setting to zero all the U{1) gauge fields which correspond to the winding 
modes of the three-dimensional theory (this is equivalent to dropping the matrix A in (7)). 
Thus, we obtain the following action in terms of the MEP X 

^S^jd^xl g [^ ^Tr [vxg-\X^g-']'^ ^Jd'x\ g [^ \-R+ (j"" J""^)^ (11) 

where now X = g + B, g = \(x + X'^) and = VXg-^. 

There are two physically different effective theories that can be expressed by the action 
(11), and hence admit a double Ernst formulation. On the one hand we have the D — 5 EKR 
model, where the dilaton field is set to zero as well [3] . On the other hand we have the D — A 
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bosonic string theory, for which a charged pair of rotating interacting black holes coupled to 
dilaton and Kalb-Ramond fields was constructed in [5] and its charged dual string vacua were 
studied in [16]. Here we will consider again the 5D EKR theory in order to apply the NHT on 
a neutral family of field configurations that correspond to the double Ernst system. 
Thus, we start with the five-dimensional truncated action 



/ 



d'x \'G 1^ {^R-J^^hA ' (12) 



where ^i? is the Ricci scalar constructed on the 5-dimensional metric ^Gmn and 

^Hmnp = du^NP + eye. perms, of M, N, P. (13) 

It is worth noticing that we are considering a truncation which imposes the following condition 
on the Kaluza-Klein and Kalb-Ramond vector fields 

^G'//,n+2 =^-B/i,n+2 = 0; (14) 

this implies that the vector fields Ai and A2 must vanish identically, and hence, the pseudoscalar 
fields u and v also vanish (see (5)). Such a restriction does not provide any constraint on the 
remaining dynamical variables and can be considered as a consistent non-trivial ansatz for the 
EKR theory. 

After the Kaluza-Klein reduction on we get the stationary effective action (11) (sec, for 
instance, [3], [10]) with the matter field spectrum of the theory encoded in the (2 x 2)-matrices 
Q = G and B = B which can be parametrized in the following form 

where (72 is the Pauli matrix. Under such assumptions, the five-dimensional interval reads 

dsl = Qi^^^dx^dx" + g,nndx^dx^. (16) 
By substituting (15) into (11) the action of the "matter fields" adopts the form 

'Sm^\j d'x\ g 1^ [pf [{Vp,f + (V^i)^] +pf [{Vp^f + {Vq,f] } , (17) 
which allows us to introduce two independent Ernst potentials 

+ e2=P2 + «?2- (18) 

In terms of these field variables, the action of the system can be rewritten as a double Ernst 
system in the Kahler form [17]: 

j d^x\ g p (j^i + J'V^^)} , (19) 
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where J'l = Vei (ei + ei)"^ and J'^ = Ve2 (e2 + €2)"^ 

A mathematically equivalent, but physically different 2 x 2-matrix representation arises 

from (12) by making use of the discrete symmetry pi < — > p2, qi < — > q2- This fact allows us 
to define new matrices 

g' = ^-^(^ 2%1, B' = q2a2 (20) 

and, hence, X' = Q' + B' and to write down the action that corresponds to these magnitudes: 

^S^jd^x\g\^^^-R+ ^Tr ( J"^' J-^'") '^ = jd^x\g\^ 2 ( J^i J^i + J^^ j^i) } , (21) 

where similarly J^' = VA"^'-^ J< = Ve^ (e^ + e;)-^ J^^ = Ve'2 (e^ + e^'S e'^ = P2 + ig2 
and £2 = Pi + i^i . 

In terms of the MEP the above-mentioned discrete transformation reads 

X < — > X'] (22) 

thus, the matrices Q' and B' must be interpreted as new Kaluza-Klein and Kalb-Ramond 
fields, respectively. This symmetry mixes the gravitational and matter degrees of freedom of 
the theory. It recalls the Bonnor transformation of the EM theory [18], but in the bosonic string 
realm. It can be used to generate new solutions starting, for instance, from pure Kaluza-Klein 
string vacua (see [16] as well). 



4 Applying the NHT on the Double Ernst System 



Let us now proceed to apply the NHT on the neutral double Ernst system. This will generate a 
non-zero electromagnetic potential A which accounts for non-trivial Abelian U{1) gauge fields. 
In order to achieve this aim, we must consider the following seed MEP 



/ Pi 

' P2 



pig2+giP2 

P2 



pig2-giP2 \ 

P2 



(23) 



In this case, the charge matrix A that parametrizes the NHT has the form 



All A12 
A21 A22 



Aln 
^2n 



(24) 



where n > 2 for consistency. Thus after applying the NHT on this double Ernst seed solution, 
the transformed MEP read 



11 — ^ 



(4 + A^leal^) Reei + 2 {x\^ + Xlj\eif) Ree2 + AXij\2jRee2lmei 



(25) 
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Xi2 — — {Reeil 17162 — Ree2lmei) + 2XijX2j (1 — |ei|^)i?ee2 — (1 — |e2|^)i?eei |, (26) 



^^21 = ^ {r_ {Reeilme2 + i^eea/mei) + 2XijX2j [(1 - \e2\'^)Reei + (1 - |ei|2)i?ee2] } , (27) 



^22 = ^ [(a^ + 4|e2|^) Reei + 2 (Ag^- + Xlj\eif) Ree2 - 4:XijX2jRee2lme^ 



:28) 



2 

Aij = -;^ { ~ -^2^1^11^) -^6^2 ~ (2 — ''^2jk2|^) -Reei + AijA2j {Reeilme2 — Ree2lmei) 



{2 + A^^-) {Reeilme2 - Ree2lmei) + AijA2j (^|e2p-Reei - |eipi?ee2) A2j| , 



A 



(29) 



2 

^2j = { ~'~ ^^2^) {Reeilme2 + Ree2lmei) + XijX2j (^Resi — \ei\'^Ree2^ 



X 



(^Xlj - 2|e2|^) Reei + (2 - A^^jeij^) Ree2 + XijX2j {Reeilme2 + Ree2lmei)] X2j} , (30) 

5 = 2 (A^^. + A||e2|^) i?eei + (4 + A^jeij^) i?ee2 + 4XijX2jReeiIme2, (31) 

where = A^^Ai^- - (Ai,A2,)', r+ = 4 + 2A?^. - 2Ai^. - A^, r_ = 4 - 2A?^. + 2A|. - A^ and 
the non-trivial character of the matrix A is evident. The fields configurations corresponding 
to these potentials live now in the 5D EMKR theory since we have recovered the U{1) vector 
fields of the system. 



5 Double Kerr seed solution 

In this section, following [3] we impose one more symmetry on the fields of the three-dimensional 
effective theory under consideration in order to use as seed solution a pair of Kerr black holes. 
Thus, we can write the line element in the Lewis-Papapetrou form making use of the Weyl 
coordinates as follows 

^ds^ = Qmndx'^dx'' + e^^ (dp" + dz^) - p^dT^ (32) 

where Qmn and 7 are r-independent. Thus, a solution of our system can be constructed using 
the solutions of the double vacuum Einstein equations written in the Ernst form in terms of 
and {k = 1, 2) 

d,Y^ = p[{r^),{J'-), + {r%{r-),], (33) 
d,Y' = p\\{r'),\''-\{J'% 
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if one identifies the function 7 that accounts for the general relativistic interaction between de 
black holes, in the following way 7 = 7^^ + 7^^. 

For instance, we can take as seed solution a double Kerr system consisting of a pair of 
rotating interacting black holes. In the framework of General Relativity, the Ernst potentials 
corresponding to two Kerr solutions with sources in different points of the symmetry axis read: 

Tfc + lak cos Ok 

where and 0;^ are constant parameters which define the masses and rotations of the sources 
of the Kerr field configurations. Weyl and Boyer-Lindquist coordinates are related through 

P = [{rk -rukf - Cfc] ^ sin 6*^, z = Zk + (r^ - m^) cos 6*^, (35) 

where the sources are located at and C,l — m| — a|. Thus, for the function 7^. we have 

e'-^^ = ^, (36) 

where Pk = Ak - al sin^ 6k, Qk = Afc + C| sin^ 9k and = - 2mkrk + al- 

We would like to make a remark at this point: when parameterizing the 5D interval 
(32) in the Lewis-Papapetrou form, one could choose a completely spatial (Euchdean) three- 
dimensional interval and require that the signature of the matrix Q to be negative definite, 
i.e., Q\oo = —I2 (the same signature holds for the matrix A'loo)- Thus, the five-dimensional 
metric would possess a signature with two time-like coordinates. Such kind of models have 
been studied in [19] and represent another line of investigation within this approach. It is clear 
that in order to fulfill this condition either ei or €2 must adopt the asymptotic value —1, since 
when both potentials have the same asymptotic behaviour (with the same sign) the signature 
of the matrix Q is positive definite. 

Thus, in the language of the complex Ernst potentials the field configuration adopt the form 



dsl = e^^dp" + dz'') - + \du + te2dvf , (37) 

^2 + ^2 

B = '-^'72, (38) 

where u = x^, v = and 7 = 7*^1 + Y'^ as it was pointed out above. 

In the case when the Ernst potentials correspond to two interacting Kerr black holes, the 
symmetric matrix Q is determined by the following relations 

{rf — 2miri + cos^ 6'i)(r| + cos^ 62) 



(rl — 2m2r2 + al cos^ 62) (r^ + cos^ ^1) ' 
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2m2Q;2 cos 92{rf — 2miri + af cos^ 9i) ^^^^ 



(r| — 2m2r2 + cos^ 62) {rf + cos^ 61) ' 



^ (rf - 2miri + cos^ 6'i)(r| - 4m2r2 + 4m| + al cos^ 6'2) 
(rf — 2m2r2 + cos^ 62) (rj + af cos^ ^1) 

the factor e^'^ reads 

^27 _ ('^i - 2miri + af cos^ 6*1) (r| - 2m2r2 + cos^ 6*2) 

{rf — 2miri + af cos^ ^1 + sin^ 6*2) (rl — 2m2r2 + cos^ 6*2 + ml sin^ ^2) ' 

and the Kalb-Ramond matrix B is defined as 

2miQ;iCOs6'i 

^ = r? + a?cos^^/^ ^''^ 

and can be interpreted as a matrix Kalb-Ramond dipole configuration with momentum rriiai 
located at Zi and hidden inside the horizon ri — rrii + m\ — al of the metric (37). Si- 
multaneously, the Quv metric component also constitutes a dipole configuration but possesses 
momentum m2Q;2 and is located at 2^2, hidden inside the horizon r2 = m2 + \Jm2 — al- 

6 Charged Field Configurations in 5D EMKR Theory 

After applying the NHT on the double Ernst seed solution we get the following field configu- 
rations: 

1 2 1 1 2 

Quu — ^11 — 2"^^-'' ~ 2 ^'^^^ '^^^ ~ ^lj^2j) , Qvv — ^22 — 2^2j) (42) 

B^^{X2,-X^2)a2, A^A^l-^j], (43) 



2j 



where the appearance of the electromagnetic potential is obvious. By substituting the Ernst 
potentials by the corresponding double Kerr black hole system we obtain the following 
charged field configuration 



DQAiA2+Ami 


'L'^ri + 2miXlj + 2\ij\2jai cos 61 


A2 + 2m2[(4-A2)r2 + 2A2m2]Ai 


DQAiA2+Am2(L^r2 + 2m2Xlj + 2XijX2ja2 cos 6^ 


Ai + 2mi[(4-A2)ri + 2A2mi]A2 



8 (/iiAy - h2X2jf + 2A2 {h2Xij - hsX2jf - 8A2 {h.h^ - hi) 



[DgAiA2+4m2(LV2+2m2Aij+2AyA2:,Q;2Cos^2)Ai+2mi[(4-A2)ri+2A2mi]A2 
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2 ' 



(44) 



^ 4mi [2AijA2j(ri - mi) - L^tti cos^i] A2 + 2(4 - A2)m2Q;2 cos^2Ai ^ 

Ai A2 +4m2 (lVs + 2m2 Ai^- + 2Ay As^ ^2 cos ^2) Ai + 2mi [(4 - A2)ri + 2K^mi] A2 

4(/2/ii/i4 + i2/i2/i6) + 2A2[(2 + A?^)/i2/i5- (2 + A|)/i3/i4] -2AijA2j[4/ii/i6 + A^/i3/i5+ (4 -A>2/i4] 



(45) 



[DgAiA2+4m2(L2r2+2m2Aij.+2AyA2:,o;2Cose2)Ai+2mi[(4-A2)ri+2A2mi]A2 

L'gAiA2-2m2[(4-A2)r2-8m2]Ai-4mi(LVi-2miA^j. + 2AyA2jaicos6'i)A2 



2 ' 



L'gAiA2+4m2(L2r2 + 2m2Aij+2AyA2ja2 003^2) Ai + 2mi[(4-A2)ri + 2A2mi]A2 
8(Mii-/i6A2/+2A2 (/isAij + /14A2/ + 8A2 (/l5/l6 + /l2) 



[DgAiA2+4m2(L2r2+2m2Aij.+2AyA2:,Qi2COS^2)Ai+2mi[(4-A2)ri+2A2mi]A5 



2 ' 



(46) 



^ _ 2(4- A2)miQ;iCos6liA2 + 4m2[2AyA2j(r2-m2) --L^Q;2Cos6l2] Ai 

DgAiA2+4m2(L2r2+2m2A|+2AijA2:,Q;2Cose2)Ai+2mi[(4-A2)ri+2A2mi]A2' 

^ 2[2//i-Ay,:, + Ai,A2,/'2]Ai, + 2[Ai,A2./'3-(2 + A2j/,,]A2, 

Lfg Ai A2 +4m2 (L2r2 + 2m2 Ai^- + 2 Ai,- A2j q;2 COS ^2) Ai + 2mi [(4 - A2)ri + 2 A2mi] A2 

^ ^ -2 [(2 + Ay /14 + AiAaifes] Aij + 2 [A^^/ts + AhA2z^4 + 2he] \2j 

L>gAiA2+4m2(L2r2+2m2Aij+2Ai^A2jQ;2Cose2)Ai+2mi[(4-A2)ri+2A2mi]A2' 

where 

hi — 2 (miTi A2 — m2r2Ai) , h2 — 2 (m2Q;2 cos ^2 Ai — micti cos ^1 A2) , 

— 4 (ml A2 — ml Ai^ — hi, /i4 = 2 (miai cos0iA2 + m2Q;2 cos^2Ai) , (50) 

/is = 2 [mi(ri - 2mi)A2 + m2r2Ai] , K = 2 [miriA2 + m2(r2 - 2m2)Ai] , 

L2 = A2^. - A|, /2 = 2A2. + A2, Ak ^ rl- 2mkrk + a^cos^^fe, (A; = 1,2) and, finally, 
Dg = 4 + 2A2^. + 2A2. + A2. 

A consistency checking of the generated solution consists of setting the parameters Ay and 
A2j to zero in order to recover the starting field configuration (39)-(41). It is straightforward 
to verify that this is indeed the case. 
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The asymptotical behaviour of the generated three-dimensional field configurations read 

(51) 



2r_(mi-m2) , 8AijA2j (miai cos6'i - m2Q;2COs6'2) , 
^-loo-l + + 0{r ), 



8AijA2jmi 4L2miQ;i cos 6'i - 2 (4 - A^) m2Q;2 cos 6I2 , -2n /ro\ 

^-l-^^g;^ Dg;:^ + 

2r+(mi + m2) 8AijA2j (miQ;icos6'i +m2Q;2Cos6'2) , ._„s 
^-loo-l + ), (53) 

8AijA2jm2 , 2(4-A2)miaiCos6'i -4L^m2a2Cos6'2 , _2x 

+ Dg;:^ + ^^^^ 

4 [(2 + A^JAij - AHA2iA2j] (mi - m2) 



4 [AHA2iAij - (2 + Aij) A2j] (miai cos 6*1 - m2Q;2 cos 6*2 ^ , _2 



+ 0(r-'), (55) 



2j 1 00 



-4 [\u\2i\ij - (2 + A?jA2j] (mi + m2) 



4 [(2 + A|j) Aij- - AijA2iA2j] (miOi cos 9i + m2Q;2 cos 6*2) , ^^/^-2 

DQr^ 



DQr 

+ C>(r-'). (56) 



From this analysis it is clear that under the NHT, all the generated fields (gravitational, 
Kalb-Ramond and electromagnetic) cfi'cctively develop both Coulomb and dipole terms. Thus, 
from one side, the Q^u component of the constructed metric possesses mass terms defined by 
^uui = T_mi/DQ at Zi and M^^^ = T_m2/DQ at Z2, and from the other side, it acquires 
dipole sources with masses Mum — 8XijX2jmi/ DQ, Muu2 — —8XijX2jm2/DQ, and their corre- 
sponding momenta M^uiOH, ^^^2(^2, located at Zi and Z2, respectively. In a similar way the 

component of the metric has masses M^^-^ = T^mi/DQ at zi^nd M^^j = T^m2/DQ at Z2', 
indeed, it possesses as well the massive dipole terms defined by M^^,^ = —8XijX2jTni/DQ at zi 
and Muu2 = —8XijX2j'm2/DQ at Z2 with the momenta M^^-^ai and M^^2'^2, respectively. 

The transformed Kalb-Ramond tensor field also acquires a Coulomb term determined by 
the charge Mb — 8XijX2jm2/DQ located at Z2 and now possesses two dipole sources with 
masses Mb^ — (4 — A^)mi/Dg, Mb^ — —4:L'^m2/DQ and momenta Mb^chi, Mb2C(2: located 
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at Zi and Z2, respectively. The same situation exactly takes place for the Quv component of 
the metric, which usually corresponds to the rotation of the gravitational field. Thus, the 
generated gravitational potential has a Coulomb source with mass M^^ = 8XijX2jmi/DQ 
located at Zi and dipole sources with masses M^^^ = —2L'^mi/DQ, M^^^ — (4 — h?')m2/DQ 
and momenta M„„^q;i, M„^2'^2, located at Zi and Z2, respectively. 

At this point we would like to point out that the discrete symmetry (22) which relates 
gravitational and Kalb-Ramond degrees of freedom is still present asymptotically and is quite 
evident in the language of the masses and charges of the components Qu^ and Buvi since one 
can clearly see that these components transform into each other under the interchange of the 
respective masses and charges, even after the implementation of the nonlinear NHT. 

Finally, the generated field configuration possesses an evidently non-trivial electromag- 
netic sector and its asymptotic structure reveals its usual Coulomb form, defining in this way 
the effective electromagnetic charges of the system. These fields also have effective dipole 
sources. Thus, the electromagnetic fields Aij possess momenta defined by the expressions 
4 [AiiA2iAij - (2 + \\i)\2j\ miai/DQ and -4 [\ii\2i\ij - (2 + ^\i)^2j\ m2a2/DQ, whereas the 
respective momenta for the electromagnetic fields A2j read 4 [(2 + A^JAy — AiiA2iA2j] miai/DQ 
and 4 [(2 + A^JAy - XuX2iX2j] m2a2/DQ. 

Thus, under the NHT, the double Kerr seed solution does not acquire just the electromag- 
netic charges, but it develops as well effective Coulomb and dipole terms for all the fields of 
the field configuration: gravitational, Kalb-Ramond and electromagnetic fields. 

7 Conclusion and Discussion 

In this paper we have obtained a charged field configuration of the five-dimensional EMKR the- 
ory starting from a neutral one that corresponds to a double Ernst (double Kerr, in particular) 
system. The generation of the new charged solution was carried out via a matrix Lie-Backlund 
transformation of Harrison type that preserves the asymptotical values of the seed fields. 

An interesting novel feature of the generated exact solution is that all the fields of the field 
configuration develop effective Coulomb and dipole terms asymptotically. Thus, after applying 
the NHT, the 5D double Kerr seed solution acquires effective Coulomb terms and dipole sources 
with momenta. This is in contrast with the effect that the NHT produces on a neutral seed 
solution in the framework of the general theory of relativity where it just endows the initial 
field configuration with a set of electromagnetic charges. 

The statistical analysis of such a configuration is an appealing direction to conduct the 
present research. The equilibrium properties of the generated solution is of interest as well 
and would generalize to the 5D case some previous results obtained in the framework of the 
four-dimensional general relativity [2], [20]-[21]. These issues are under current investigation. 
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